Abstract: A novel multichannel free-space optical (FSO) communication system based on orbital angular momentum (OAM) carried by frozen waves with different longitudinal patterns is studied in this paper. The longitudinal OAM multiplexing (LOAMM) system is simulated under atmospheric turbulence, which is based on the split-step Fourier transform method and includes multiple random phase screens. The influences of system parameters on the average OAM mode probability densities are analyzed and discussed, such as propagation distance, strength of turbulence, sizes of finite aperture function, OAM mode numbers, and source parameters. It is found that in the limited apertures, the detection probability spectrum of the LOAMM system is inversely proportional to OAM mode numbers, strength of turbulence, and propagation distance. The bit-error rate and aggregate capacities are compared between the traditional OAM-based space-division-multiplexing (OAM-SDM) system with Bessel beams and our proposed LOAMM system. Our work should contribute to proving that the LOAMM system has a number of advantages over the OAM-SDM system in FSO communication.
Introduction
communication links without atmospheric turbulence, the LOAMM system based on FWs can be expressed as [20] 
where m is the sum of a superposition of Bessel beams. The Bessel beams are composed of equalfrequency ω and different longitudinal wave numbers k z m . The complex coefficient A m represents weighting factor, which can be regarded as a series of Fourier-like coefficients of the desired longitudinal pattern |F (z)| 2 over a finite distance L and written as
Here the F (z) can be expanded into an Fourier-like series (FS) with selected k z m [16] F (z) ∼ = 
where the k z m = Q + 2πm/L indicates longitudinal wave numbers and Q is a constant value that determines the degree of transverse field of localization. However, the desired longitudinal pattern |F (z)| 2 is not limited to finite distance L , because the coefficients A m are discrete aperiodic sequences with the form of sinc-like function and totally contain 2N + 1 sampling values. For this reason, the FWs can transmit along the axis as periodic waveforms with the period of L . Due to the unique properties, the OAM modes carried by FWs can be divided into separated finite space intervals. By adjusting F (z) and L , we denote the field distributions of a LOAMM system with desired topological charges. The simple model of the LOAMM system is presented in Fig. 1 , accompanied with a superposition of M-multiplexed FWs. Similar to the method described in [21] , the system is split into four channels as an example. Each channel carrying modulated signals is characterized by a specific FW state with desired topological charge as depicted in Fig. 1(a) . By a superposition of each FW state, all the modulated signals are transmitted coaxially and simultaneously through free space. The selected FWs with desired topological charges have effective contributions to the beam center over a finite space interval and then switch off when propagating out of the region. It should be noted that the OAM of the entire waveform is conserved, while all the OAM states are not present at the same time. When the state of FW is switched off, its energy (momentum) is dispersed over a larger space in the outer rings and can be restored back after a period of L as shown in Fig. 1(b) . We first choose a short interval (15 cm) between each FWs states [showed as the left graph in Fig. 1(c) ] and they are not connected serially. However, the longitudinal intensity profiles of the FWs fluctuate violently, which will have a terrible influence on the detection accuracy. Due to the stability and reliability of the LOAMM, the beams are generated by superposition of each FW using the longitudinal structural function F (z) over length L = 100 cm [showed as the right graph in Fig. 1(c) ] with 25 cm as the interval,
The transverse intensity profiles of waveforms located at z = 15, 40, 65, 90 cm are illustrated in Fig. 1(d) . The results from probing nodes represent the physical characteristics of each channel. In practical FSO communication system, the combination of polarization beam splitter (PBS) and CCD camera are effective method to receive the FWs. 
Theoretical Expression of Turbulence-Induced Effects on LOAMM System
Extended Huygens-Fresnel (EHF) principle is employed to simulate the turbulence-induced effect on single channel of the LOAMM system with FWs in FSO links. We consider that the FWs propagate along the axis perpendicular to the transverse field from the source plane of z = 0 cm to z = 100 cm to the observation plane at z = L d cm to z = L d + 100 cm. The transmitted beams are aligned with the received beams, which means there is no angular deflection and location offset during transmission. The waveform field distribution at the observation plane can be expressed by [22] 
where ζ = (ζ, ϕ) = (x, y) is the two-dimensional point in the source plane, r is the point at the observation plane; L d denotes the propagation distance; ψ(r , ζ, z) represents the complex phase of waves impaired by turbulence when propagating from the source point (ζ, z) to the observation point (r , z ).
m (ζ, z) stands for the normalized complex amplitude of the FWs given by Eq. (1). The field derived from Eq. (5) can be expanded into the form [23] 
where
It should be noted that (0) * m (r , z ) is the field of normalized FWs states at the observation plane without atmospheric turbulence. The average mode probability density of the FWs can be expressed as
By substituting Eq. (7) into Eq. (8), we can obtain q ( ) as
where˜ (r ,r , z ) represents mutual coherence function for the wave field and can be described by Eq. (10) as
wherer =r −r andζ = ζ − ζ ,r = |r | andζ = |ζ|. The spatial coherence radius of spherical waves
indicates the mutual coherence function of normalized wave field at the source plane and the asterisk * implies the complex conjugate. The theoretical results obtained from Eq. (9) are difficult to simulate analytically because it contains high-dimensional integrals. For this reason, numerical simulations based on split-step Fourier transform method inserting into multiple random phase screens are used to generate propagated wave fields. The turbulence model employed in this paper is based on modified Von Kármán spectrum. We set the number of random phase screens within the range from 11 to 21 according to the turbulence strength [24] . The transverse intensity profiles of FWs with = +1 are depicted at the bottom of Fig. 2 . It can be noticed from the picture that the intensity profile deteriorates as the strength of turbulence increases. However, the theoretical model cannot be physically realizable since the Bessel beam has infinite power extent [25] , [26] . Due to this reason, a finite aperture function known as super-Gauss function is decided to be added to beams as follows [27] G sg (x, y) = exp − r αδN n (11) where, n = 16 means the order of function and α is a parameter that specifies the width of the tapered region. In addition, the sizes of the aperture function have a tremendous effect on the average mode probability density of the system, which has been discussed in the next section. The schematic diagram of the propagation characteristics of the LOAMM system is indicated in Fig. 3 . As shown in Fig. 1(b) and the supplemental material visualization 1, the intensity of waveform in transition from one state to another state is not stable. The detection efficiency will not be affected obviously unless the planes are located in the transition interval. As a result, the topological charges of the exampled system are chosen from +1 to +4 with the longitudinal interval of 25 cm and the refractive-index structure constant C 2 n = 1 × 10 −16 m −2/3 . The normalized probability spectrum of the numerical simulation can be calculated with azimuthal number as follows
where m, n indicate the grid number of x, y axis, respectively at the observation plane, which is composed of N × N grids. In the case of = , C ( ) denotes the normalized DPS, which means 
Only one simulated field realization is used to obtain a graphical result. The topological charges range from +1 to +4 with the longitudinal interval of 25 cm. To obtain average graphical results, 1000 simulated field realizations are used to obtain 3D profiles. (a) The 3D normalized average irradiance of LOAMM system in the absence of atmospheric turbulence. We select z = 15, 40, 65, 90 cm respectively as source plane. Each intensity profile chosen as a sample value for this interval is expanded into the whole interval as depicted in the lower part of (a). (b) The effects of atmospheric turbulence with refractive-index structure constant C 2 n = 1 × 10 −16 m −2/3 and aperture function on LOAMM system. The ideal four OAM modes are break down into adjacent modes (c). The 3D normalized average irradiance of LOAMM system in the presence of atmospheric turbulence. Other values adopted in this figure are the same with (a). the signal power reserved in transmitted OAM mode. In the case of = , C ( ) means the normalized CPS induced by turbulence, which represents the probability of transmitted energy from signal channel spreading into other channels.
The transmission model of FWs in atmospheric turbulence makes it capable of evaluating the channel capacity of the LOAMM system by a simple approach based on detection model and crosstalk model described above. Here, we establish a LOAMM system composed of M-OAM channels. Each constituent channel η ∈ O is modeled as binary-symmetric and independently addressable. Therefore, the statistic characteristics between channels are independent of each other. The noise added to the receiver noise can be regarded as an independent Gauss noise introduced by crosstalk. As a result, the receiver noise can be modeled as additive white Gauss. Thus, the signal-to-noise ratio (SNR) can be expressed as [13] 
where C 2 = ( ) is the DPS and C 2 η ( ) is normalized CPS as described above. N 0 denotes the receiver noise, P T x represents transmitted power. For orthogonal modulation formats, such as on/off key (OOK) and binary pulse position modulation (PPM), the aggregate capacity of LOAMM system in FSO communication link with turbulence can be calculated by
with
where C(σ ) represents the capacity of binary-symmetric channel (BSC), σ denotes the BER for desired channel and erfc(.) represents the complementary function.
Simulation and Discussion
In this section, we discuss the design considerations and analyze the propagation properties as well as the channel aggregate capacity of the LOAMM system in atmospheric turbulence. The focus of this paper is mainly on investigating the normalized DPS and CPS under the following variations: the propagation distance, the topological charges, the finite aperture function's sizes, the structure constant of refractive-index and the number of a superposition of Bessel beams. The parameters of numerical calculations are assumed unless otherwise specified: the wavelength λ = 532 nm, the topological charges are chosen from = +1 to = +4, the length of periodic waves L = 100 cm, the longitudinal interval of each OAM mode is 25 cm, the transverse function constant Q = 0.9999958k, the morphological function F (z) = 1 in any interval region, the turbulence outer scale L 0 = 100 m and the inner scale 0 = 0.0001 m. The total array size is 1024 × 1024 pixel 2 at the source plane, the observation plane and the partial propagation plane, respectively. The results obtained from simulations repeat 1000 times totally to get a mean measurement.
Due to the properties of the beam itself, the sizes of FWs is too small to maintain the mode spacing of Fourier transform [24] . Therefore, a beam expander should be placed behind the laser beam emitter. However, the DPS of transmitted OAM modes will be more dispersive as the beam waist expands. In order to satisfy the constraints simultaneously, the initial grid spacing is set to δ 0 = 1.12 × 10 −6 m and the parameter of magnification are 204, 177, 144 for the corresponding refractive-index structure constant C 
Verification of Accuracy for Numerical Simulation Process in Atmospheric Turbulence
In our numerical simulation model, the simulation process has been repeated 1000 times to obtain the average irradiance distribution. To confirm that the numerical simulation process matches the analytical formulae, we first compare the normalized average irradiance distribution of FWs with = +1 at the observation plane derived by numerical simulation and that computed by analytical solutions. In this sub-section, α is set to 0.47 to remain the main lobe and first side lobe to get explicit and clear graphical results. The normalized average irradiance of FWs can be represented by [28] 
is the intensity distribution of the field at the observation plane in the absence of turbulence, F −1 is the inverse Fourier transform and F [ξ(r , z )] is the Fourier transform of a point spread function that can be expressed as [28] 
with [29] 
where D s p (.) represents the spherical wave structure function and κ denotes the spatial frequency vector. The irradiance patterns and the comparison of normalized average irradiance curves between numerical simulation and that computed by analytical solutions are depicted in Fig. 4 . It can be found that the results of the two approaches are in a good agreement when C , the error between two curves increases. Due to the distribution calculated by a finite number of simulated realizations, the difference is obvious. The curves of the two approaches will match more closely if more calculated results are averaged. Therefore, the transmission model through turbulence established by numerical simulations is credible.
Design Considerations and Properties Analysis Based on DPS and CPS
In order to verify the accuracy of results obtained from numerical simulations, an analytical example derived from Refs. [11] , [31] , and [32] is used as comparison. Firstly, the effects of propagation distance on the normalized probability spectrum are analyzed. The accuracy of DPS and CPS are verified by comparison between detailed data obtained from numerical simulation and that computed by analytical solutions based on Rytov approximation, separately. The Rytov approximation is only valid under weak fluctuations associated with the Rytov variance σ 2 < 1 [30] . The atmospheric turbulence reaches its maximum value in the case of C Fig. 5 shows the DPS and CPS of the LOAMM system as a function of distance L d . The crosstalk changes from OAM state to +1. The propagation distance ranges from 0 m to 1000 m, and the parameter of aperture function α = 0.47. The solid curves represent the analytical solutions (AS), whereas the dotted curves denote numerical simulation results (NS). It can be seen from the picture that the curves of the two approaches are in a good consistency, but not complete coincidence. It is obvious that as the distance increases, the DPS decreases and the CPS increases. The curves of DPS [31] and [32] that the performance of the LOAMM system becomes worse as the propagation distance become larger.
In the published papers, the sizes of aperture function added on the Laguerre-Gauss (LG) beam have been discussed in detail [33] - [36] . According to [37] , the aperture function's radius of Bessel beams are investigated. The power from the central peak up to the first zero is contained, in which the Bessel beams are considered to be generated with 100% of the laser power. In this subsection, we analyze the effects of aperture function's sizes of source plane (SP) and observation plane (OP) on the DPS and choose the suitable parameter of α for the design of the LOAMM system. In the condition of L d = 1000 m and refractive-index C 2 n = 1 × 10 −14 m −2/3 , the normalized DPS of transmitted OAM modes, as a function of the parameter of α, is shown in Fig. 6 . The energy in transmitted OAM mode is dispersive significantly as the topological charge increases. The peak height of the 3D histogram denotes that the transmitted FWs have an optimal DPS when the aperture function contains the main lobe of FWs exclusively. According to the results obtained from simulation model and existing literatures mentioned above, the sizes of the aperture function in our simulations can be considered to include both power efficiency and detection efficiency. In the source plane, if the size of aperture is not large enough to contain the waveforms with the largest number of OAM states, the FWs will not transmit along the propagation direction as periodic waveforms. Moreover, if the aperture function is added on the source plane, all the waveforms will not be received through the suitable aperture function except the beam carrying the largest OAM state. Then the detection efficiency will not be the best. At the observation plane, the FWs can be received and detected separately, which denotes that the waveforms carrying different OAM states can be detected in a suitable aperture sizes. In Fig. 6 , the condition of SP and OP are considered, respectively. In the next subsection, the DPS and CPS will be discussed only in the condition of OP. We will consider the aperture of SP and OP on analyzing the channel capacity in the next section.
Furthermore, the changes in the DPS against the parameter N of Bessel beams' number m = 2N + 1, which are superimposed to form the FWs, are investigated in Fig. 7 . In this context, the α = 0.17, 0.22, 0.27, 0.32 stand for the = +1, +2, +3, +4, respectively, the
and the L d = 1000 m. Similar to Fourier series expansion, the states of FWs at a sampling point can be restored better with more equal-frequency Bessel beams. However, the upper limit of parameter N is 8 in this paper because the condition 0 ≤ Q + 2πm/L ≤ ω/c should be satisfied to ensure only forward propagation is included [16] . It is evident that the morphological function F (z) consists of 2N + 1 coefficients A m and the upper limit of Bessel beams is 17. It is clear that the DPS increases as the beam number increases and tends to be stable when the beam number closes to the upper bound. At last, the influences of OAM mode numbers on normalized probability spectrum are examined. As shown in Fig. 8 , for the fixed beam number m = 7, parameter of aperture function α = 0.17, 0.22, 0.27, 0.32, 0.37, 0.42, 0.47, 0.52, 0.57, 0.62, 0.67, 0.72, 0.77 for topological charges range from 0 to +13 and other parameters with the same values used in Fig. 7 . It is obvious that the DPS decreases with increasing OAM mode numbers, but meanwhile the CPS increases. The results are consistent with the [12] , [13] , [21] , and [31] that the transmitted OAM modes spread into adjacent modes more dramatically as the topological charges increase. Similar to Fig. 5 , the normalized probability spectrum curves derived by numerical simulations and analytical solutions respectively are in a good agreement. The curves between the two approaches have a higher degree of coincidence after the suitable aperture sizes and numbers of Bessel beams are chosen. The errors of the CPS between the two approaches appear greater as the topological charge increases. One of the reasons for this phenomenon is that when the radius containing the main lobe of FWs increase faster, some energy from the detecting OAM modes will be excluded by the aperture function. Another reason is that the field distribution is simulated by averaging only a finite number of realizations.
Analysis of BER and Aggregate Capacity
Based on the analysis of design considerations and properties of the LOAMM system in Section 4.2, we take a simpler method to calculate the BER and the aggregate capacity, in which the information rate is maximized and only the capacity bound is considered. We first analyze the BER and channel capacity of single independent channel. The topological charges are from = 0 to = 10 and the BER and channel capacity are calculated based on Eqs. (13)- (16) by introducing the DPS and CPS discussed in Fig. 8 . Then, the comparison of the aggregate capacity between the OAM-SDM system and the LOAMM system is made to verify the advantages of the LOAMM system. There are three sets of OAM-SDM examples, O 1 = {+1, +2, +3, +4}, O 2 = {+1, +3, +5, +7} and O 3 = {+1, +4, +7, +10}. Two sets of LOAMM systems are selected as examples, U 1 = {+1, +2, +3, +4} and U 2 = {+1, +1, +1, +1}. The BER and aggregate capacity are calculated as a function of P T x /N 0 . Fig. 9 depicts the BER and channel capacity under different aperture conditions, as a function of P T x /N 0 in single channel. It is evident that the system has a good performance with low P T x requirements when C 2 n = 1 × 10 −16 m −2/3 and the BER and channel capacity between different OAM modes differ not greatly as depicted in (a) and (d). As the P T x /N 0 increases, the channel capacity increases until the saturation 1 (bit/channel) is reached. Deteriorations in the condition of C 2 n > 1 × 10 −16 m −2/3 are apparent, especially if ≥ +4. It is obvious for this phenomenon because the DPS decreases as the topological charges increase. For the case of ≥ +7 with C 2 n = 1 × 10 −14 m −2/3 , the differences of BER and channel capacity among the constituent channels with different OAM modes are not significant. This phenomenon is reasonable because in the condition of ≥ +7 with C 2 n = 1 × 10 −14 m −2/3 , the DPS decreases to stability while the CPS is exactly the opposite to the DPS. All the channel capacity can reach the upper bound as long as the transmission power P T x is large enough. We first calculate the BER of each channel in the OAM-SDM system. It should be noted that the sizes of aperture function are analyzed in the condition of OP and SP, respectively. In the OP condition, the aperture sizes should be designed to contain the main lobe of the largest topological charge in the OAM-SDM system. In the SP condition, the main lobe of the waveforms with the largest OAM state should be contained. When the refractive-index constant C 2 n = 1 × 10 −16 m −2/3 , the crosstalk induced by turbulence from other transmitted OAM modes is low and the set O 3 with larger mode spacing suffers a higher power penalty. As the strength of turbulence increases, sets with lower mode spacing suffer a higher power penalty. Just as depicted in Fig. 10 Fig. 10(a)-(c) , the aggregate capacity of OAM-SDM system with three sets are calculated. It is shown that for small mode spacing, the performance of the OAM-SDM system is more perfect when the turbulence is weak. On the contrary, as the strength of turbulence becomes stronger, the set with larger mode spacing is more conspicuous. For the LOAMM system, the red curve denotes the OP condition and the yellow curve denotes the SP condition. It can be found from Fig. 10(d)-(f) that the LOAMM system has a better performance in the condition of OP.
In comparison with the LOAMM system, there is no obvious advantage between the two systems when the C 2 n ≤ 1 × 10 −16 m −2/3 . However, as the strength of turbulence increases, the LOAMM system establishes significantly superiority over OAM-SDM system. Even in the case of C 2 n = 1 × 10 −14 m −2/3 , the aggregate capacity of OAM-SDM system with O 1 and O 2 cannot reach the saturation (4 bits/channels). It can be seen from Fig. 10(d)-(f) that the LOAMM system with smaller mode spacing suffers lower power penalty, which is consistent with the curves in Fig. 9(a)-(c) . The results are primarily attributed to the fact that the LOAMM system is barely affected by the intermodel crosstalk. A reasonable explanation is that the LOAMM system has a greater advantage with smaller mode spacing sets. To a certain extent, the system can be designed even with the same OAM modes in different longitudinal intervals. Consequently, the spectral efficiency of the LOAMM system increases and the costs of receiver equipment for laser beams will reduce. 
Conclusion
In conclusion, the model of average OAM mode density for the LOAMM system carried by FWs in isotropic atmospheric turbulence is developed by introducing split-step Fourier transform method based on multiple random phase screens. The influences of the propagation distance L d , the refractive-index constant C 2 n , the parameter of aperture function α, the number of Bessel beams m and the OAM mode number on the normalized DPS and CPS are investigated. The results are reliable compared with the Rytov approximation. Obviously, the detection noise and crosstalk induced by turbulence remarkably affect the characteristics and channel capacity of OAM-based FSO communication systems. For the FWs, the increases of L d , C 2 n and OAM mode number indeed result in the degradation of DPS. In the condition of OP, the suitable size α can give rise to the increase of the DPS if the function contains the main lobe of FWs. The DPS can reach the maximum region when m is close to its upper bound. Based on the BER of each channel, the aggregate capacity of OAM-SDM system and LOAMM system are calculated. The results indicate that in the circumstance that only the upper bound of capacity is considered, the LOAMM systems outperform the traditional OAM-SDM systems.
In the future, we will continue our work in expanding the LOAMM system for practical application in FSO communication systems through atmospheric turbulence.
